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Abstract 

Standard Galois Lattices are effective tools for data analysis and knowledge discovery. They allow 
structuring data sets, by extracting concepts and rules to deduce concepts from other concepts. They 
focus on binary data arrays, called contexts. Several algorithms were proposed to generate concepts or 
concept lattices on a data context. However, the mining of large databases needs more efficient 
algorithms. Nowadays, we need to deal with contexts which are large and not necessarily binary. In 
this paper, we propose a new and fast Galois lattice-building algorithm, called ELL algorithm, for 
generating closed itemsets from objects having general descriptions; and a generalization of the 
Ganter algorithm (GGA). A comparison of performance between GGA, ELL, and another published 
algorithm, called Close By One, is presented.  

 

1  Introduction 

Data mining is applied in business to find new market opportunities from data stored in operational 
databases which are used for day-to-day management. This tool combines ideas from statistics, machine 
learning, data base technology and high performance computing to find nuggets of knowledge. Data 
mining is also applied in various domains like scientific research and management of health care. But 
large data still bothers us in the field of data mining and machine learning. The mining of very large 
database still need more efficient algorithms. It is proved that Galois lattices are effective tools for data 
mining. Several algorithms were proposed to generate the concept lattices on a data context. Bordat [2], 
Ganter [12], Chein [6], Norris [19], Godin [14] and Nourine [20] are examples of such algorithms. [18] 
describe some of these algorithms and compare their performance. Other comparative studies are 
presented in [15], [16] and [11].  

We notice that most existing work focuses only on binary data. In order to generalize this work, the 
Galois lattice (GL) formalism was extended to symbolic data by [3] [4] and further developed by [22], 
[23], [24], [5]. Nevertheless, the general formalism of GL was addressed by [7], [8]. 

The rationale for this generalization is that nowadays, either descriptions of data are complex, or 
the size of datasets is drastically growing up so that if, for example, we want to deal with classes of data, 
we need descriptions that are much more complex than 0 or 1. 

[21] proposed an extension of two classical algorithms (Ganter & Chein) and an incremental one 
(Godin & al) to multivariate, interval and histogram data with missing values. 
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In this paper we propose a fast Galois lattice-building algorithm, called ELL, based on dichotomic 
search and working for objects having general description. This work improves the framework started in 
[10]. 
Besides, we choose to generalize the Ganter algorithm to ordinal description because it requires little 
memory size at each step. Indeed, it considers only one concept when looking for the next one. 
Consequently, using this algorithm may be efficient in particular when considering large databases. 

We choose also to implement Close By One (CBO) algorithm described in [18] because it is based 
on the same principles than ELL. It could be used to build lattices with general contexts. It is proved to be 
among the fastest algorithms with dense context [18].  

The rest of this paper is organized as follows. The main definitions of general Galois lattices are 
presented in the next section. A complete generalization of Ganter’s algorithm is proposed in section 3. 
Section 4 is devoted to the ELL algorithm, with a recursive version followed by an iterative one. In 
section 5, comparative performance measures of ELL, GGA and CBO are presented. Section 6 concludes 
this paper by listing future research directions. 

2 General Galois Lattices 

Concept lattice [13] and Closed itemset lattice are based on order theory and lattice theory [1], [26]. They are 
used to represent the order relation on concepts or closed itemsets. Concept lattice describes the character of the set 
pair: intent and extent of concept.  
In this section, we define some notions generalizing usual ones: Data context, Closure operator, Closed 
itemset, etc. 
Definition 1.1. A lattice is a mathematical structure F = < F, ≤, ∨, ∧, 0F, 1F >, where F is a partially 
ordered set by the relation ≤, with the largest element 1F, a smallest element 0F, and ∨, ∧ are internal 
composition laws of sup (or supremum), and inf (or infimum). In many situations F is the Cartesian 
product of several lattices Fj = <Fj, ≤j, ∨j, ∧j, 0Fj, 1Fj>, for j∈J = {1,..., n}.  

We write this F=F1x...xFx...xFn = 
1

n

j
j

F
=
∏ .  

The relation ≤ on F is defined by z = (z1, ...,zj, ...,zn) ≤ t = (t1, ...,tj, ...,tn )  iff zj ≤j tj  for each j of  J .  
We note z ∨ t = (..., zj ∨j tj,....),  z ∧ t = (..., zj ∧j tj, .... ), OF  = (....,OFj, ... ), 1F = (..., 1Fj,…).  
(For standard Galois lattices, we have for each j:  Fj = {0, 1}, 0 < 1, 0∨j 0 = 0, 0 ∨j 1 = 1∨j 0 = 1∨j =1, 0 ∧j 
0 = 0 ∧j 1 = 1 ∧j 0 = 0, 1 ∧j 1 = 1. So OF = (...., 0, ...), and 1F = (..., 1,... ) ) 
Definition 1.2.  General contexts and descriptions: Let m be a finite positive integer, I = {1, ..., m} = 
[1,…,m ], and  F any lattice.  Let d: I → F be any mapping from I to F. A context C is defined as an array 
with rows d (i), i = 1, ..., m.  
Formalism:  The context provides, for each individual or object i of I, its description d(i) = (d1(i), 
d2(i),…, dj(i),..., dn(i)) ∈ F = F1 x … x Fn,  according to the attributes or properties  j ∈  J.  (In the 
standard case, dj (i)=1 means that i has property j, and dj (i) = 0 means that i has not the property j). So, in 
the general case, C is an m x n array of elements dj (i) of F, and for each individual i and each property j, 
dj (i) is the value of this property for i. 
Definition 1.3. Galois connection: Let C = <I, F, d> be a context. We define E = P(I), |E| = 2l and f: E → 
F as follows: for each subset X of I, f(X) = ∧ d(i):  i ∈ X} if X≠ ∅, and   f(∅) = 1F.  
So, f(X) is the infimum of the descriptions d(i) of elements i of X. And in the standard case  
f(X) is an element z = (z1,..., zj, ...) of F, and  zj =∧j {dj(i) : i  ∈ X} = 1, iff   dj(i)=1, for each  i of  X. This 
means that zj = 1 iff j is a property which belongs to all i in X. For this reason, we call f (X) the intent of X. 

Remark: 
For each i of I, we have f({i}) = d(i), and f is decreasing (if X ⊆ X’ ⊆ I then f(X’) ≤ f(X)). 
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We define g: F → E by g(z) = {i ∈ I: z ≤ d(i)}, for each z of F. 
We say that g(z) is the extent of z. (In standard case, g(z) is the set of all individuals who have all 
properties of z, zj = 1). 
We can see that g is also a decreasing mapping. 
The ordered pair (f, g) is called a Galois connection. From it we derive two other mappings: 
h : P(I) → P(I),  by  h = g ο f, and   k = F → F  by   k = f ο g. 
So, for each subset X of I, we have   h(X) = g(f(X)) = {i ∈ I:  f(X) ≤ d(i)}, and for each z of F, we have   
k(z) = f(g(z)) = ∧ {d(i):  i ∈ g (z)}. 

We can see that h and k are closure operators. This means that each of them is an increasing, extensive, 
and idempotent operator. More explicitly, for each X, X’ of E, and z, z’ of F: 

 X ⊆ X’ implies that h(X) ⊆ h(X’), z ≤ z’ implies that   k(z) ≤ k(z’); 
 X ⊆ h(X), z ≤ k(z); 
 h(h( X)) = h(X), k(k( z)) = k(z) . 

Any subset X of I such that X = h(X) is called a I-closed set, and each z of F such that z = k(z) is called 
F-closed element. 

Let us define   H = {X ⊂ I: h(X) = X} the set of all closed subsets of I, and K = {z ∈ F: z=k(z)}, the set 
of all closed elements of F. 

One can proof that there is a bijective mapping between H and K. The ordered pairs (X, z) ∈HxK such 
that f(X) = z, and therefore such that g(z) = X, are called the concepts associated with the context C. 

The set of all such concepts constitutes the Galois lattice GL(C) associated with this context C. (the 
order relation on GL(C) is defined by (X, z) ≤  (X, z’) iff X ⊆ X’ and z’ ≤ z.) 

3 A generalization of Ganter’s Algorithm 

In this section, we present the principles of a generalized version of the Ganter algorithm. 
[12] proposed a well-known GL construction algorithm which yields the closed sets in lexicographic 
order, each set being represented as an element of F = {0,1} x …x {0,1}. 
We propose here a complete generalization for F = F1 x … x Fj x …x Fn, where each Fj is totally ordered 
finite set represented, without loss of generality, as a set of integers, say: 
Fj = {0, 1,…, bj}, 0 < 1 < … < bj. 

3.1  Product order and lexicographic order 

Two order relations ≤ and ≼ are usually defined in F: 
Let y = (y1, …, yn) ∈ F and z = (z1,…, zn) ∈ F then the product order ≤ is defined by: 
y ≤ z iff ∀ j = 1,…, p : yj ≤ zj 
While the lexicographic order ≼ (or prefix order) is defined by: 
 y ≼ z iff (y = z)  or (∃ j ∈ {1,…, n} : yj < zj and (yk = zk ∀ k<j)). 
As usual, y < z (vs. y ≺ z) means that y ≤ z (vs. y ≼ z) and y ≠ z.  
It is easy to verify that F is partially ordered for ≤ and totally ordered for ≼. 
The greatest element of F for ≼ is: b = (b1,…, bn) 
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3.2  Transition index 

For any a = (a1,…, an) ∈ F such that a ≺ b, let a+ = (a1+,…, an+) ∈ F denote the successor of a w.r.t 
the lexicographic order. Define the transition index of a, say i+(a), as the greatest j∈{1,…,n} such that aj 
< bj. It can be seen that: 
∀ j < i+(a)    aj+ = aj 
if j = i+(a)   then aj+ = 1 + aj 
∀ j > i+(a)   aj+  = 0. 
By convention i+(b), the transition index of b, is 0. 
If t = i+(a), let a* = (a1*,…, an*) be the element of F defined as : a*=(a1,…,at-1,bt,…,bn) 
It can be observed that we have  

   a   = (a1,…, at-1, at, bt+1,…, bn) 
   a+ = (a1,…, at-1, 1 + at, 0,…, 0n) 
   a* = (a1,…, at-1, bt,…, bn) 

The following properties will be useful. 
Proposition: 
For any y, z ∈ F, we have y ≤ z ⇒ y ≼ z. 
For any a, y ∈ F, such that a ≺ b, we have a+ ≤ y ≤ a* ⇔ a+ ≼ y ≼a*. 

The proof of this proposition is proposed in [9]. 
To complete this subsection we propose a procedure, called successor and noted succ, which computes a+ 
and the transition index of (a1,…, ai-1, ai) in the lattice F1 x…x Fi. 
In the following, we present the procedure succ. 

 
 

         Procedure succ (a ∈ F; i ∈ {1,…,n}; var a+ ∈ F; var i+ ∈ {1,…,n}) 
          Begin 
              j = i; 
             while ((j > 0) and (aj = bj)) do j = j-1; 
             if (j > 0) then 
                   begin 
 for k = 1 to j-1 do ak+ = ak; 
 ak+ = 1 + aj; 
 for k = j + 1 to n do ak

+ = 0; 
                 i+ = j;  
                   end  
              else i+ = j; 
         end 

 
Remark: If the second parameter i is equal to n then succ (a; p:var a+;var i+) returns a+ and i+(a) as defined 
above. 

3.3  The GGA algorithm 

In this subsection, we present the GGA algorithm. Let us note that the variable GL below, which 
represents the Galois lattice, is a list of nodes. 
 
         Procedure GGA 
         Var a, a+, y ∈ F; i;  j ∈ {1,…,n} 
         begin 
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             a = 0F; y = k(a); insert y in GL 
            while (i > 0) do  
              begin  
                succ (a, i, a+, i+); i = i+; 
               if (i > 0) then 
                 begin  
                    y = k(a+) 

                   if (∀ j < i, yj = aj)    //that is y ≼ a* 
                       then  
                          begin 
                             insert y in GL; a = y; i = n; 
                        end 
                 else i = i-1     //that is a = a* 
               end if 
           end while 
         end 

4 The ELL algorithm 

In this section, we describe the main feature of the ELL algorithm, including a recursive version and an 
iterative version of this algorithm. 

4.1  Main feature 

For two disjoint subsets X0 and K of I, let ELL (X0, K) denote a procedure which lists all the closed sets 
of I obtained by extending X0 with some elements of K. 
In other words, ELL (X0, K) lists all the closed sets, which strictly contain X0 and are contained in X0 U 
K. Obviously, ELL (Ø, I) lists all the non-empty closed sets of I. ELL (X, K) proceeds by dichotomy as 
follows: 

         If  (K ≠ Ø) 
               Choose an element i0 ∈ K 
              Find the closed sets which contain i0 
             Find the closed sets which do not contain i0 

         Endif 
 
The key point of the proposed algorithm is that the search time of such closed sets is considerably 

reduced by using the following proposition.  
Proposition: 
Let X0 and K ≠ Ø be two disjoint subsets of I. Let i0 ∈ K. 
 
a) We have 

                       h(X0 U {i0}) = X0 U A where 
                                  A = {i ∈ I\X0: f(X0) ∧ f(i0) ≤ f(i)} 
If a closed set contains X0 and i0, then it also contains A. Hence, if A ⊆ K then X0 U A is the smallest 
closed set containing X0 and i0 and contained in X0 U K. 
If a closed set contains X0 and does not contain i0, then it also does not contain any element of the set  R 
= {i ∈ K: f(X0) ∧ f(i) ≤ f(i0)}. 
A (vs. R) is used for Attraction (vs. Rejection). 
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The proof of this proposition is proposed in [9]. 

4.2  The recursive version 

The following pseudo-code is a recursive version of the algorithm.  
         Procedure ELL (X0, K) 

         GL = Ø 
         Var i0: element of I, z, z0: elements of F; X, A, R: subsets of I;  
          begin  
             z0 = f(X0); 
            if K ≠ Ø then 
             begin 
               choose an element i0 of K; 
                z = z0 ∧ f(i0); A = {i ∈ I\X0: z ≤ f(i)}; 
                if A ⊆ K then 
                begin 
                  X = X0 U A; insert node (X, z) in GL; 
                 ELL (X, K\A); 
               end; 
              R = {i ∈ K: z0 ∧ f(i) ≤ f(i0)}; ELL (X0, K\R); 
            end 
         end 
 
The procedure ELL (Ø, I) starts with any i0 ∈ I (I is non empty). Then it determines the set A. Observing 
that i0 ∈ A, we have the strict inclusions Ø ⊈ X and I\A ⊈ I. Hence if A ⊆ K, ELL(X,I\A) will run with a 
strictly smaller second parameter. Since i0 ∈ R, we see that the same holds for ELL (X, I\R). 
More generally ELL (X, K\A) and ELL (X0, I\R) run with a strictly smaller second parameter than that of 
ELL (X, K). Since I is finite, this parameter which is a subset of I, will reach the void set and the 
procedure will terminate. 
This algorithm lists all closed sets without duplicates. Let us show that each closed set F occurs exactly 
once. 
Starting with GL = Ø, X0 = Ø and K = I, let i0 ∈ I be fixed and consider two cases: i0 ∈ F and i0 ∉ F. If 
i0 ∉ F then  
Either F is the smallest closed set which contains i0. Then according to the previous proposition (a), F = 
X = X0 U A and F will be listed by ELL(X0,K), 
Or F is not the smallest one. In this case X ⊈ F and F will be listed by ELL(X,K\A). 
If i0 ∉ F, then according to the previous proposition (c), F will be listed by ELL(X0,K\R). Since each 
insert only concerns the unique smallest closed set containing X0 and i0, we see that F occurs exactly 
once. This will also be seen in the iterative implementation given below. 
The only case not treated by the algorithm is whether the empty set is closed or not. The algorithm yields 
all the nodes (X, z) of the GL such that X ≠ Ø. Since f(Ø) = 1F and h(Ø) ={i ∈ I: 1F  ≤ f(i)} = {i ∈ I : f(i) = 
1F}, Ø is closed iff there is no i ∈ I such that f(i) = 1F. 

4.3  The iterative version 

The implementation of the recursive version of this algorithm has been successfully tested. 
Nevertheless for very large datasets, an iterative version is needed in order to speed up the search. 
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         Procedure ELL 
         GL = Ø 

         Var i0: element of I ;  s: element of F; A, R : Subset of I; 
          l : [1..n+1]; 
          i : array [1..n+1] of elements I; 
          z: array [1..n+1] of elements of F; 
     X, K: array [1..n+1] of subsets of I; 
          Begin  
           l = 1; Xl = ∅; Kl = I; zl = 1F; 
           while (l > 0)  do  
              begin 
 if Kl ≠ ∅ then 
  begin  
     Choose an element i0 of Kl; 
  s = zl ∧ f (i0); A = {r ∈ I\ Xl : s ≤ f(r)}; 
  if A ⊆ Kl then 
  begin 
   il = i0; l = l + 1; // push up the stack 
   Xl = Xl-1 ∪ A; Kl = Kl-1\A; zl = s; 
               Insert node (Xl, zl) in GL;   //Xl is a closed set   
                                            end  
                                        else 
                                         R = {r ∈ Kl: zl ∧ f(r) ≤ f(i0) }; 
                                        Kl = Kl-1\R;   
                                       end 
                            else    // Kl = ∅ 
 begin 
  l = l-1; // Push down the stack 
  if (l > 0) then 
   begin 
     i0 = il; R := {r ∈ Kl: zl ∧ f(r) ∧ f(i0) }; 

                                      Kl := Kl-1\ R; 
                                     end  
 end 
           end while 
         end 

4.4  The choice of i0 

At each iteration of the procedure ELL, we have to choose an element i0 of K. If at each iteration we 
choose i0 as the smallest element of K then the concepts will be generated in the lexicographic order. We 
remark that:  
∀ i0, i ∈ I\X0 : f(X0) ∧ d(i) ≤ f(X0) ∧ d(i0) ⇒ A(X0,i0) ⊆ A(X0,i); 
                    and X0 ∪ A(X0,i0)  ⊆  X0 ∪ A(X0,i) or h(X0 ∪ {i0}) ⊆  h(X0 ∪ {i}) 
To get the smallest closed sets that contain strictly X0, it is necessary to add to X0 all elements i0∈I\X0 
which maximize the function δ:  I\X0 → F defined by: δ(i) = f(X0) ∧ d(i) 
This will permit constructing the Hass diagram. 
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4.5  Complexity 

According to the recursive version, obtaining a closed set requires O(|M|2|N|) operations, where |M| is the 
number of objects and |N| is the number of attributes. Therefore the complexity of this algorithm is 
O(|M|2|N| |L|), where |L| is the size of the concept lattice.  
The implementation of the recursive version shows that the memory size required is O(|M|2). Indeed, the 
vectors X0 and K0, whose size is |M|+|M|, are stored in a stack at each iteration of the algorithm which 
requires |M| steps for processing all the closed itemsets. 
On the other hand, the implementation of the iterative version shows that the memory size required is 
O(|M|). Indeed, the vector constituted of all the objects (X0 ∪ K0 ∪ R), whose size is O(|M|), is stored 
only one time during the execution of the algorithm. Only the order of the components of the vectors is 
modified at each iteration.  

4.6  Application: 

Since the algorithm can deal with general data, we have just to redefine the set F, the order relation ≤, 
the operation of infimum ∧ and the largest element 1F. The table below presents some examples of such 
redefinitions. 

 
 

 Variable     Set of values F          ≤           ∧         1F 
 Boolean            {0,1}       0<1        Min         1 
 Ordinal   Finite ordered set  0<1<2…<b        Min         b 
 Dataset      Set of subsets         ⊆          ∩        E 
 Interval     Subset interval         ⊆          ∩        E 
 Fuzzy  Mapping: E →[0,1]       f ≤ g Min(f(a),g(a))         1 

 
 
The following example is an application of our algorithm in the case of interval variable. 
Let us use the context C from the example described below defined by the following array, where m= 4, n = 3 
and b= ([0,5],[0,1],[0,4]) = 1F. 

 
j → 
↓

A B C 
1 [3,4] [0,1] [0,4] 
2 [0,2] [0,1] [4,4] 
3 [2,5] [1,1] [4,4] 
4 [2,3] [1,1] [0,4] 

 
This application leads to a list of closed itemsets. When we chose i0 as described in the subsection 4.4, 

we construct the following Hass diagram.  
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5 Experimental results 

We have implemented the generalized version of the Ganter algorithm, CBO and the iterative version of 
the ELL algorithm. The CBO algorithm was implemented as described in [18]. The preliminary results of 
these implementations were performed on a PIII 1.8 GHz computer with 1GB RAM using binary random 
data, and real data. 
In the case of binary data, we consider that the density (D) of a context is the proportion of 1 in the entire context 
(|M|x|N|). 
 

Fig. 1. Concept set |M| = 100, D = 25 % 
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Fig. 2. Concept set |N| = 100, D = 25 % 
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Fig. 3. Concept set |N| = 100, D = 50 % 
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Fig. 4. Concept set |M| = 100, D = 50 % 
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The charts above show the running time of ELL, GGA and CBO in the case of binary data. 
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In the following the expression “X≻Y” means that the algorithm X is faster than the algorithm Y. 
Therefore, 
When M > N, ∀ D (Fig.1, Fig. 4): 
ELL ≻ CBO and GGA ≻ CBO 
If M ≫ N then GGA ≻ ELL else ELL ≻ GGA  
When M < N, ∀ D (Fig. 2, Fig. 3) 
ELL ≻ CBO ≻ GGA 
If N ≫ M then CBO ≻ ELL ≻GGA 
When M # N: 
If the density is high (the worst case):  CBO ≻ ELL ≻ GGA else ELL ≻ GGA ≻ CBO. 

We also performed comparisons on the Zoo database constituted of 101 objects and 18 attributes 
which are: animal name, 15 Boolean attributes, and 2 numerics (set of values and integer values in range). 
This database is available from the UCI Machine learning Repository [17]. The results are illustrated by 
fig. 5 which shows that ELL ≻ GGA ≻ CBO. 
The charts above show the running time of ELL, GGA and CBO in the case of binary data. 
 

Fig. 5. Evolution of the CPU-time for the three algorithms (Zoo database) 
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In the rest of this section, we try to provide a synthetic explanation of the results listed above. CBO 

and ELL are based on the search of the set of subsets of I = {1,…,n}. While GGA is based on the search 
of the set of strings of F = F1 x F2 x…x Fn. These two algorithms consist in completing the set X0 with 
an element i0. 
CBO constructs the Galois lattice in the lexicographic order. Indeed, to complete X0 with i0, the algorithm 
proceeds by eliminating elements i < i0.  
By another way, to complete X0 with i0, ELL determines all the closed sets which contain X0 and i0 (the set 
A in the algorithm), as well as all closed sets which contain X0 and not contain i0 (the set R in the 
algorithm). 
It seems that ELL eliminates more elements than CBO. This may explain why ELL is faster than CBO. 
In his turn, GGA explores partially the set F in the lexicographic order. In that way, it does not process all 
the elements of F.  
The number of elements eliminated by ELL may be greater than those eliminated by GGA, this may 
explain why ELL is faster than GGA. 
On the other hand, |E| = 2m and |F| = b1 x b2 x … x bn. 



 

 
The Electronic JOURNAL OF SYMBOLIC DATA ANALYSIS - VOL. 2, N. 1 (2005) - ISSN 1723-5081  30 
 

 If each attribute j gets its values in the set Fj ={0,1,…,bj-1} where 0<1<..<bj-1 then |Fj| = bj and |F|=|F1 
x…x Fn| = |F1| x …x |Fn| = b1 x b2 x … x bn 
 For example, in the binary case bj = 2, so |F| = 2n (where n is the number of attributes). 

6 Conclusion 

In this paper, we presented an algorithm, ELL, which had been proposed first in [10]. We have also 
compared it with GGA and CBO, for general Galois lattices building. 

Let us note that GGA was validated only in the case of ordinal data, we think that it may be useful 
to extend this validation to symbolic data.  

From the results presented above, one can see that the choice of an algorithm should be based on 
the properties of the context such as the number of attributes, the number of objects, and the density. This 
is compliant with the conclusions of [18]. One can also note that in most cases ELL is faster than GGA 
and CBO. In cases where ELL is not the fastest one, its speed is comparable with that of the best 
performer.  

A wider study is needed, to compare ELL to other algorithms which provide the list of concepts, 
and to those which construct the diagram graph. Indeed, the ELL’s formulation is that of a local 
procedure, so it allows us to obtain sons of any closed set easily and thus the Hass diagram. This 
formulation could also be used to obtain distributed version of ELL in order to work with very large data. 
This is ongoing research.  
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